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Abstract. We present a. review of the spacecraft Doppler tracking technique used inbroad
bandscarchesfor gravitational waves inthemillihertz frequency band. After deriving the transfer
functions of a gravitational wave pulse and of the noise sources entering into the Doppler obscrv-
able, wc summarize the upper limits for the amplitudes of gravitational wave bursts, contiguous,
andof a stochastic background estimated by Doppler tracking experiments.

1. Introduction. Non-resonant detectors of gravitational radiation (with frequency
contenit O < f < fo) are essentially interferometers with one or more arms, in which a
coherent train of electromaguetic waves (of nominal frequency Vo Jo) is folded into
several beamns, and at points where these intersect relative fluctuations of frequency or
phasc are monitored (hormodyne detection). Frequency fluctuations in a narrow band
can alternatively be describedas fluctuating sideband amplitudes, and interference of
two or more beamns, produced and inonitored by a noulincar device (such as a photo
detector whenlight from a laser is used), exhibits these side bands as a low frequency
signal again with frequency content O < f < Jo- The obsecrved low frequency signa is duc
to frequency variations of the source of thebeamns about vo, to relative motions of the
source and the mirrors that do the folding (or the Barth and amplifying transponders),
to teinporal variations of the index of refraction along the beams, and, according to
general relativity, to any time-variable gravitational ficlds in-cscrit, such asthe transverse
traccless metric curvature of a passing plane gravitational wave train. To observe these
gravitationa fields in this way, it is thus necessary to control, or monitor,the other sources
of relative frequency fluctuations, and, in the data analysis, 1o optionally usc algorithms
based on the different characteristic interferometer responses to gravitational waves (the
signal) and to the other sources (the noise). Several fcasibility studics!=* have shown
that this can presently be done to astrophysically interesting thresholds for both ground
and space-bawd instruments.

The frequency band in which a grou]ld-based interferometer can be made most scn-
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2 M. TINTO

silive to gravitational waves® ranges from about ten Hertz to about a fcw kilohertz,
with arm lengths ranging from afew tens of meters to a few kilometers. Space-based
interferometers, such as the coherent microwave tracking of interplanctary spacecraft®
and proposed M ichelson optical interferomcters in planetary orbits? arc most scusitive to
milliliertz gravitational waves, with arm lengths ranging from 106 to 103 kilox neters.

In the Doppler tracking technique a distant interplanetary spacecraft is monitored
from Earth through a microwave tracking liuk, and the Earth and the spacecraft act
as free falling test particles. A radio signal of nominal frequency Vo is trausmitted to
the spacecraft, and coherently transponded back to LEarth where it is received and its
frequency is comnpared to a radio signal of frequency referenced to a highly stable clock
(typically a Nlydrogen maser). Relative frequency changes Av/vg as functions of time
arc then incasurcd. A gravitational wave propagating through the solar systemn causes
small perturbations in Av/yy which arc replicated three timnesin the Doppler data with
maximun spacing given by the two-way light propagation tiine between the Earth and
the spacecraft. This characteristic signature of the Doppler response, referred to as the
three-pulse response, was first derived in its general forimin 197’5, by Estabrook and
Walilquist®. In the following Secction wc outline its derivation, aud generdize it to a
configuration with I3 bounces

]n Section 3 wc describe the different noise sources affecting the Doppler data, and
provide a sumnmary of the upper limits identificd try the Doppler tracking technique to
gravitational wave amplitudes in the millihertz band. in Section 4 wc present our remarks
and conclusions.

2.The Response Functions to a Gravitational Wave Pulse.The net effect of
a weak gravitational wave train on the frequency of a cohcrent radio signal transponded
once in a stationary, freely falling, configuration of source andtransponder is the so called
tlircc-pulse response function6 A gravitational wave pulse contributes to the interfero-
metrically incasured frequency change at_three times, namcly at the time it iS incident
on the source, the intermediate tiine when the radio signal bounces off the spacecraft,
and a the round-trip light time.

in this Section wc will deduce the geucral expression for the phase shift due to a
gravitational wave when an electromagnetic beam is made to bounce 13 times between
two frecly falling (geodesic) particles”. These could be tne Earth and a spacecraft or, asin
the more usual situation of an Farth-basced interferometer, two highly reflective mirrors
forining an optical cavity.

In this Section wc will interchangeably refer to microwaves and transponders or laser
light and mirrors, since the two configurations can be considered equivalent as far as
the derivation of the response function to a gravitational wave pulse is concerned. Let
us thercfore consider a source of clectromagnetic radiation, a laser for instance, to be
a the first mnirror, and the net frequency change, or eguivalent phase fluctuation, to be
interferometrically mcasured there. Let us also consider the following space-tilne metric

ds?=—di® + (1 + h)dz?4 (1 - h)dy?4dz?, )
where h= h(t—2) << 1. To first order, this is the general relativistic solution for the
strainficld of a linearly polarized gravitational wave train propagating in vacuum aong

the positive z direction, The metric could be gencralized by adding in an arnplitude for the
other possible polarization, but to first order it is just as easy to do this a the conclusion,
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as nceded. Let us also assume that our two particles arc stationary in the (z, z) plane.
We will denote by athe cosine of the angle between the direction of propagation of
the gravitational wave and the line joining particle a to particle b,and L their relative
distance.

in this space-time the two particles follow a geodesic mnotion, represented by world
Jincs pardlel tothe t axis. We can visualize our physical system in a space-tine diagramn
in which the vertical axis is the time ¢, while the horizontal axis is the liuc az 4+ 8z (with
B?:21-0a?).Thet axis coincide with the world line z=y=2 = O of particle a, while
the world line for particle b is (to first order in k):x=-BL,y = O, and 2 = aL. The
characteristic wave fronts of the gravitational wave arc givenbyt— 2: = constant.

Consider, at an arbitrary tine ¢, a perfect] y monochromnatic photon of frequency v
(as measured in the rest frame of a) emnitted at a which bounces off tlic end particle b at
time -+ L, andthen returns to particle a a time ¢+ 2L. The trajectory of the photon in
this space-tirnc is represented by two null geodesics, one originating at the event that wc
label O (on the world line of &) and ending at the event labelled 1 on the world line of b;
the other connects the event 1 to the event labelled 2 back to the world line of a. Paralel
transport of a null vector along these null geodesic is used to calculate VI, the frequency
mcasured at event 1in the rest frame of b, and v, at event 2 again in the rest framne of a

The frequency shifts vy --v,, and ¥2—¥1 arc related to the gravitationa wave amplitude
according to the following simple “ two- pulse” relationships®?

f’i(_t;}_]iz =14 WD ner a-apny, @
wit2) . (3-a) .
nt+L) -y [t + (e)2) bt + 21)] ©

where Vo isindependent of time, since for the moment wc arc considering a monochromatic
hight source (or atomic” frequency standard)

If we nultiply together Eq. (2) and Eq. (3), and disregard sccond order terms in the
wave amplitude h, we deduce the three-pulse response function in its original form®

?’ﬁ‘—,-;;"?i)_ a L Ty - ant s @ - o) - LW 2Ly, @

Eq. (4) is then best rewritten to display the fractional frequency change at a as a function

of tiinet

y(t) = ”1(’)0 o oA - an oo+ A wa - o). )

The phase diflerence A¢)(’)(t) measured, say, by a photo detector, is related to the cor-
responding frequency change (1q.(5)) as follows

(1)
w)y= 5= G870 ©

27y

If we define the Fourier transforin of the time series A¢()(t) to be given by

— 400
AgO(f) = / Aty 2t dr 7
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wc can rewrite Eq. (5) in the Fourier domain as

AJ(S) _ R(af) 5
e = omip M) ©

InEq. (8) R(a, j) is the three-pulse transfer function

]E( f)-‘ (] 2 ) 62’”.(]*“)}1' + gl';") e‘hc'jL‘ (9)

Yor those who prefer to think in terins of heterodyne detection, of signals on a carrier of
amplitude Ao and frequency Yo, this phasc mnodulation engenders side bands of amplitude
A given by

A (vo + > " ~

o D =¥ f1e(a, ) e gy K ). (lo)
1 we expand Eq. (9) in the long wav'clcngth limit (f 1. < 1), to first order inJ1 Eq. (8)
becones®

1 ~
AIOU) (o2 -1y Lt i+ 271 ). (11)
27 va
The factor (a? -- 1) is the ”beam pattern” of a single-bounce linear gravitational wave
antenua. in the long wavelength linit, its ”antenna gain” is & L.

Let us now assume that the light between the two particles mnakes B bounces before
it is made to interfere with the light of the laser. Wc want to determine what the corre-
sponding phase change will be in this case. It is easy to scc that the frequencies v (1+ 2L),
vs(t43L), and v4(t44L), for instance, arc related among themsclves as vo,vi(t - v,
andVa(l -t 2]. ) assuming proper care of the timec argument istaken. We can for example
find that the following expression for va(t44L)/v2(t+ 2L) holds

v(t44L) 4 (14 a) (-
v(vo1) s " —2-- h(t+4 2L) -- ah(t42L4 (1 - a)L) = "---- h(H 4L). (12)

If wc inulliply ¥q.(4) by ¥q. (12) wc get, to first order in h,

--a)
l’.ﬂi;.fll:l :1;—(“") ht+2L) - ah(t + 21, 4(1 - a)L)- -T2 e+ 4L
0

+ 359D 0y an + 1 - ayny- L )h(H 2L) . (13)

If we usc thie definition of y(t) given in Eq. (5), Eq. (13) can bc rewritten in the following
way
t -
1’1(%0 YO - y(t) + w(t - 21). (14)

After some simple algebra wc can easily deduce the following expression for the frequency
change after 13 bounces

B-1
K”’_(:’) —Vo }: y(t -- 2kL). (15)
0
k=0

Let us now denote by A¢(")(t) the phase shift measured at the photo detector for ihe B
bounce configuration. Taking into account ¥.gq. (15), wc can write the following equation
B-1

1 f’_é?i(.,u)(‘) L y(i - 2k1), (16)

27[110
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which in the Fourier domain becoinces

ASIS)  TUNTR i

2nvy i o
0 k=0

Froin the definition of y(1) (¥q. (5)), and after adding the geometric progression, wc can
rewrite Eq. (17) as

(17)

(18)

27y 27;f

If wc expand Eq. (18) in theloug wavelength limnit, that is to say when fL << Ibut
allowing I3 to be large enough that 4B fL ~ 1, for the dominant frequency baud of the
gravitational wave signal, wc get

880D __ e, 9 KO- ]

__________ } [147i(a 4 2L R(S) (19)

27y ~ 2 2nif

Note that the transfer function given in Eq. (19) dots not increase linearly with the
arm length, as it did for the one-bounce configuration) 13 =: 1. For a given arin length L
of reflections B in such a way that 418 fL~ 1, and the rcsponse is optimnal, depending
only on faud the geometrical factor (1 - o?).

Note that this condition also holds for a Michelson interferometer, since its transfer
function is essentially equal to the one givenin Eq. (19), apart from a different antenna
pattern®®. At one kilohertz an orthogonal-arn interferometer, of 40 meters arm length
and B~ 2000 bounces, would expcricuce the same phase shift duc to a passing gravita-
tional wave as would an iuterferometer of 4 kilometer arm length and 8~ 20 trounces.

3. Noise Sources and their Transfer Functions. Substantial effort over the past
fifteen years hasbeen devoted to the understanding of the noise sources aflecting space-
craft Doppler tracking, and to cstimate their strengths aud spectral properties!®, Tu what
follows wc will suinmarize the main noise sources by providing their power spectra] den-
sities, Sy (f), as well as by expressing their amplitudes in terins of the Allan Deviation.
Yor an arbitrary random process y(1), the Allan Variance estiinated at the integration
time 7 is defined by the following expression

odm = (=20 ©

where (1) is defined as follows

W0=2 [ ) as @

?
and angle brackets denote time averages.

Noise sources affecting the sensitivity of Doppler tracking experimments canbe divided
into two broad classes: (i) Instrumental and (ii) Propagation.

3.1. instrumental Noise Sources. In the high frequency region of the band accessible
to Doppler tracking, thermal noise dominates over al other noise sources at about 10’
Hz.'This noisc is white in phase, being determined essentially by the finite ternperature of
the recciver and the finite intensity of the signal. In frequency the power spectral density
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therefore grows with the square of the Fourier frequency, Sy(f) o< f2, making this noise
source the dominant one inthe ”bluc” region. Since thisnoise appears a the moment of
detection {, its transfer functioninto the Doppler data is the identity.

Among all other instrumental noise sources (transmitter and receiver, mechanical
stability of the antenna, stability of the spacecraft transponder, spacecraft bufletting,
irregularities of the spacecraft spin rate, micro scismic disturbances, iustabilities intro-
duced by signal distribution within the ground station, clock noise, etc.) clock mnoise has
been shown to be the most important instrumcutal source of frequency fluctuations?.

Let us define C(t) to be the random process associaled with the relative frequency
fluctuations introduced by the clock. As a consequence of tile definition of the Doppler ob-
scrvable ( —‘};’?Lt))mcasured on the ground, wc conclu dc that C'(t)shows up at two different
times, namely under the linear combination C(t —2L) - C(t). This timne signature can be
understood by observing that the frequency of the signal received at time ¢ contains clock
fluctuations transmitted 2L seconds earlier. By subtracting from the reccived frequency
the frequency of the radio sigual transmitted at tinet, we also subtract clock frequency
fluctuations with the net result shown above. Since the power spectral density‘’of C(?)
goes as f~', wc deduce that the spectral deusity of the clock moise inthe Doppler data
hasthe following dependence on the Fourier frequency f:

sin”(27f1.)
f

Thenoise level of a typical atomic standard, like tlic Hydrogen Maser used by the
Deep Space Network (DSN), has been measured to beabout 7.0 x 1016 at 1000 scconds
integration time.

Sy(f) «

3.2. Propagation Noise Sources. The radio link to the spacecraft crosses regions of
spat.c in which the index of refractionn(t, #) is different from one, and changes in space
and timne. The propagation noise is duc to fluctuations in the index of refraction of the
troposphere, ionosphere, andthcinterplanctary solar plasina.

As the radio signa to the spacecraft crosses the Earth’s troposphere, it suffers a path
delay AL. The time variations of Al. induce frequency shifts Av, of the main carrier
frequency Vo:

Yo

AL ;—/ () -1 ds ; Av =224 AL,
raypath c dl

where the main contribution to the integral is limited to a region around the Earth,

It is important to say that at microwave frequencics the index of refraction of tro-
pospheric irregularities dots not depend on the carrier frequency?®.In other words the
noise level duc to the troposphere is independent of the frequency vo-

Let us define 7'(t) to be the randomn process associated with the frequency noise
duc to the troposphere. From the definition of the Doppler observable we nave that
7'(1) enters into the Doppler data at two diflerent times through the linear combination
7'(t — 2L) +7'(1). This is becausc the frequency of thereceived signd is aflected at the
moment of reception as well as 2L seconds earlier. Sinuce the frequency of the signal
generated a tiine t dots not contain yet any of these fluetuatio~w, it follows that 7'(t) is
positive-corrc]ated “at the round trip light tiine 21,. Since the power spectral density?? of
1'(t) goes approximately as f~1/2, wc deduce that the spectral density of the troposphcre
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noise inthe Doppler data has the following dependence on the Fourier frequency f:

2
cos®(2nf1)
S o ==
! V7
T'he contribution of the troposphieric noise to tbc overall Allan Deviation at 1000 seconds
canbe as large as 1.0 x 1013, depending on the local weather conditions.

ionosphere and interplanetary plasina have been the dominant noise sources in Space-
craft Doppler tracking experiments analyzed so far, in which S-hand (& 2 GIz) mi-
crowave links were used. Since the plasma index of refraction a microwave frequencies
scales as vy °, these noise sources can be suppresscd by increasing the microwave fre-
quency. Furtherinore, by collecting data at solar opposition, that is to say when the
S~l:I-1;artll-1'robe angle is larger than about 160°, the plasina wind remains in the radio
path much longer, minimizing in this way the variations iu theindex of refraction.

Yrom plasina scintillation data it has been shown!!that the spectral density of this
noisc has a power law dependence, Sy (f) a =7, where B¢ [0.6, 1.0]. The contribution
of the plasina noise to the overall noise budget has the following magnitude

2.3 Gliz\?
0,(1000) ~ 4x 10-14 (--%—Cf>
4]
Yrom the considerations made above wc can write the Doppler response y(t) to a gravi-
tational wave pulse as the following rather complete expression

w@)= —-L3PL hy - pne - a4 p)] )+ (.1,}’9 ht - 21) +

+Cu(t - 2L) — Cr(l) -1 2B(t —~ L) 47Tt - 2L) -t T'() +
4 AL - 2L+ TR( - L)+ ELQ) + P@) ,

whcre therandom processes 13, A,T'R. .. EL, and P correspond respeclively to the noise
duc to the autenna and buffeting of the spacecraft, the radio amplifier on thc ground, the
spacccrafl transponder, the eclectronics on the ground, and the interplanctary plasma.

Data taken with the spacecraft Viking Voyager, Pioneer 9, Pioneer 10, Pioneer 11,
Mars QObserver, Ulysses, Galileo have been, and will be, analyzed in scarch for bursts,
continuous, and a stochastic background of gravitationa radiation!?=!®. Although none
of thescarches performned so far has lead to a detection, upper bounds for the strength
of various possible gravitational waveforins have been obtained. In what follows ] will
sutmmarize the most stringent limits set to date on bursts, sinusoids and chirps, and a
stochastic background of gravitational radiation.

3.3. Bursts, Gravitational wave bursts could be generated a a detectable level in
the Doppler tracking band by collapses to forin black holes, or by collisions of two black
holes®. Most of the scarches perforined so far have been doue by usiug data from space-
craft tracked at S-hand. Since the signal-to-uoise ratio, after applying matched filters,
depends on the diflerences between the spectral chiaracteristics of the signal scarched for
aud the noisc!?, an independent and objective mcasure of the upper limits set by these
experiments on burst radiation is given by the AllanDeviation. A reference sensitivity to
bursts was set by the Pioneer 11spacecraft, which was tracked in 1983. The Allan devi-
ation of themcasured noise was about 7 x 107, being deterinined entirely by plasma

scintillation?0.
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In March 1993 the spacecraft Mars Observer was tracked for about three weeks at
X-Band (8.4 Glz).Due to the higher frequency of the radio link the plasma noise was
reduced by alinost a factor of 20 with respect to the S-Band experiments. From a prelim-
inary analysis of the data, au Allan Deviation of 1.0 x 10~ 14 has been mcasured, making
Mars Observer the most sensitive Doppler tracking experinent to date?®.

3.4. Sinusoids and Chirps, Binary systeins containing super massive black holes are
the candidate sources of sinusoids and chirps gravitational waves in the millihertz fre-
quency band®The best sensitivitics to these signals have been set by the Pioncer 10
experiment in Deceinber 1993, and by the spacecraft Ulysses during the February 1992
experiment. The Ulysses spacecrafl was tracked for three wecks at S-hand, and it also had
an X-Band radio signal in the down-link. Because of the two frequencies in the down-link,
a perfect calibration of the dispersive plasma noise in the down-link was possible. The
Pioncer spacecraft was tracked instead for alinost 30 days, but only at S-Band. The one-
sigma linnits set by these experiments were 7.0 x 1075 and 3.5x 107 % respectively? 138,

An anaysis of the data taken in 1993 with Mars Obscrver will be perforied soon, in

scarch for this class of signals. The expecled sensitivity a one sigina level is expected to
be about 10718,

3.4. Stochastic Background. The spectrumn of the signal in the Doppler data results
from averaging the threc-pulse response function over all possible directions The ana-
Iytic dependence of such aspectruin is alinost like the noise spectrumn of the reference
clock, having a sinusoidal modulation. This modulation is fortuitous, since it is basically
orthogonal to the modulation of the leading noise sources, namnely ionosphceric and tropo-
spheric noise. This difference between the signal and the noise has been exploited to reach
anahnost clock-noise-lilnitcd upper limit for the gravitational wave background spectruin
at sclected frequencics?®. The best upper limit have been deduced only recently with the
1993 Pioneer 10 experiment. This spacecraft was tracked in Decemnber 1993 for almost
30 days, at S-hand and with a round-trip-light-tirne of about 16 hours. 1t was thercfore
possible to search for a gravitational wave background at low frequencies, just below 10°
Hz.Since the local average of the spectrum, around the frequencies where the propaga-
tion noise iS minimum, has been mecasured to be 1.2 x1023 Hz~1, the corresponding
one sigina scusitivity has been estimated to be a fecw parts in 107 .

4. Conclusions. Spacecraft Doppler tracking is the only existing experimcental tech-
nique that allows scarches for gravitational waves in the millihertz frequency band, Al-
though the sensitivities achicved so far have been relatively modest, it is important to
note that al the experiments perforined so far have utilized radio comnponcents that were
not purposely designed for gravitational wave scarclics. For the first time, frequency sta-
bility requircinents onthe radio systeinon board the spacecraft aud the ground antenna
have been approved on the upcoming NASA project Cassini. This interplanctary space-
craft will belaunched in October 1997 for gathering scicutific data from Saturn, Titan
and other natural satellites of the Saturnian systein. During part of the spacecraft tra-
jectory (cruise and opposition), fromn year 2001 until year 2003, for forty days each year,
scar ches for gravitational radiation will be performed. The implementation of a purposely
designed radio systemn with frequency stabilities specificd by the experimenters, indicate
that an Allan deviation equal to 7.0 x 10~16 should be achicvable.



THIEORY OF SPACECRAFT DOPPLER TRACKING 9
References

VY. Giirscl, 1'. Linsay, R. Spero, P. Saulson, S. Whitcomb, and R.. Weiss. In: A study of a
long Bascline (gravitational Wave Antenna System, National Science Foundation Report
(1984).

?1.1 GO Project, California Institute of Technology, M assachusetts institute of Techunol-
ogy (U.S.A)). In: Proposal to the National Science Foundalion, A Laser Inlerferomeler
Gravitalional- Wave Qbscrvatory (L1GO), Voluimnes 1 and 2, 1989 (unpublished).

‘11.11. Wahlquist, J.1). Anderson, F.B. Estabrook, and K.S. ‘1'borne. In: Atti dei Convegni
dei Linces, 34, 335 (1977).

“LISA: Laser luterferometer Space Antenna for the detection and observation of gravita-
tiona waves. A Cornerstone Project in ESA’s long terin space scicnce program Horizon
2000 Plus, Pre-Phase A Report, MPQ 208, (December 1995).

°K. S. Thorne, in 900 Years of Gravitation, edited by S. W. hawking and W. Isracl
(Canbridge University Press, Cambridge, England, 19S7).

6 1*.B. Estabrook and 11.1D. Wahlquist, Gen. Relativ. Gravit. 6, 439 (1975).
"M. Tinto and F.B. Estabrook, Phys. Rev. DD, 52, 1749 (1995).

8 JY. Vinet, B. Mcers, C.N. Man, and A. Brillet, Phys. Rev. 38, 433 (1988).
’K. S. Thorne (unpublished notes).

10 JW . Armstrong. In Gravitational Wave Data Analysis, cd. B.F.Schutz, Kluwer, Dor-
drecht, (1989).

113 W. Annstrong, R. Woo, and F.B. Estabrook, Ap.J.,230, 570 (1979).

12 R.W. lellings, Phys. Rev. D, 23, 844, (1981).
13 J 1y Anderson, 3 W. Arnmnstrong, F.B.Estabrook, R.W.1lcllings, E.K. Lau, and H.D.
Walllquist, Nature, 308, 158, (1984).

““J 1). Anderson, and B.Mashoon, Ap.J., 290, 445, (1985).

15 J,W,Armstrong,F.B.EStamek»a“d 1.D. Wahllquist, Ap.J., 318, 536, (]987).
16 3, W. Armstrong: private communication, (1995).

17J.D. Anderson, J.W. Arinstrong, and E. Lau, Ap.J., 408, 287, (1993).

13 13 Bertotti, R. Ambrosiui, J.W. Armstrong, et al. Ap.J., 296, 13, (1995)




